Epidemiologists often wish to estimate quantities that are easy to communicate and correspond to the results of realistic public health scenarios. Methods from causal inference can answer these questions. We adopt the language of potential outcomes under Rubin's original Bayesian framework and show that the parametric g-formula is easily amenable to a Bayesian approach. We show that the frequentist properties of the Bayesian g-formula suggest it improves the accuracy of estimates of causal effects in small samples or when data may be sparse. We demonstrate our approach to estimate the effect of environmental tobacco smoke on body mass index z-scores among children aged 4-9 years who were enrolled in a longitudinal birth cohort in New York, USA. We give a general algorithm and supply SAS and Stan code that can be adopted to implement our computational approach in both time-fixed and longitudinal data.
Introduction
Epidemiologists often wish to estimate quantities that are easy to communicate and correspond to the results of realistic public health scenarios, such as interventions or policy changes. Recent developments in the field of causal inference have shown that, under some assumptions, observational data can be used to estimate such quantities [1] . The parametric g-formula is one example of an approach from that field [2] . Using the parametric g-formula, we can easily compare risks or rates of a health outcome in a population of interest under different exposure distributions [3] .
One assumption of the parametric g-formula is that we have accurately modeled the association between the outcome of interest and both the exposures of interest and potential confounders. For example, if the rate for a particular outcome varies in a linear-quadratic function with exposure, then our model could capture that by including both a linear and a quadratic term for exposure. This assumption can be satisfied by modeling the association using flexible models that incorporate non-linear functions and interaction terms. In particular realms, such as the study of complex exposure mixtures, complex longitudinal data, or small data sets, this may result in a model being "under identified", where we may be smoothing over strata in which we have little or no data, resulting in highly unstable estimates. Numerous statistical approaches have arisen for stabilizing model estimates when exposures come from a complex mixture or in other sparse data scenarios. Of note, Bayesian approaches have shown promise for dealing with under-identified models in environmental epidemiology through the use of parameter prior distributions to stabilize estimates that would be highly variable (or possibly inestimable) in an unpenalized maximum likelihood procedure [4, 5] .
However, the issue remains that such approaches leave us with our original problem: an accurate model may be too complex to interpret usefully. Additionally in longitudinal settings, such standard approaches are generally not appropriate when exposure and confounders are time-varying [6] .
In the current manuscript, we demonstrate an approach that addresses the interpretability and the sparsity problems and extends to settings where exposures and confounders of interest vary over time.
Building off prior work in Bayesian, causal inference [7, 8, 9 , 10] we outline a foundational Bayesian approach to the g-formula. In Section 3 we define notation and demonstrate the Bayesian g-formula in time-fixed data, and we discuss some potential settings of interest. We outline an algorithm in Section 4 that can be used to develop software for our approach using existing Markov Chain Monte Carlo procedures. In Section 5 we present simulations demonstrating our approach for estimating risk differences for simple exposure contrasts in two scenarios that are frequently problematic for epidemiologic inference: highly correlated exposure data and longitudinal studies with small sample sizes and time-varying confounders affected by prior exposure. In
Section 6, we demonstrate our approach using a longitudinal study of environmental tobacco smoke exposure and childhood body mass index (BMI). We close in Section 7 with a discussion of the assumptions underlying our approach and speculate about future extensions. In the Appendix, we derive our approach and we supply code in the Supporting Information to implement our approach for both the SAS and Stan programming languages.
3 The Bayesian g-formula 3 .
The parametric g-formula
To simplify our presentation, in this section we nest our example in the context of an observed set of timefixed variables, O = Y, X, L , where Y is a binary endpoint such as all-cause mortality, X is a binary exposure of interest, such as the level (high or low) of criteria air pollutants, CO, N O x , O 3 , SO 2 , P b , and L is a vector of potential confounders such as residence in an urban (versus rural) setting and annual income (above or below $80,000, say). A more general setting is given in the Appendix. In this setting, we are interested in the marginal distribution of the potential outcome Y g ∈ {0, 1}, where g refers to some intervention value (or distribution) for the exposures of interest. For example, we may be interested in the risk (i.e. cumulative incidence) of lung cancer in the population in which g represents low concentrations of the pollutants. In other words, our intervention is to "set" each of the pollutants to "low." We assume that this hypothetical scenario corresponds to a well-defined intervention or set of interventions to reduce the pollutants to our specified level, such as mandating manufacturing changes to decrease vehicle exhaust emissions or restricting traffic on certain days. The risk under this intervention is given as P r Y g = 1 [11] . For example, for binary L the g-formula estimate of the risk under intervention can be expressed using the law of total probability as
To facilitate the expression of these quantities in a Bayesian framework, we adopt a more general notation and instead express the distribution of the potential outcome as
where the summation symbol has been replaced by an integral, and the discrete probability notation has been replaced by the generic probability function p. For a random variable A, if A is discrete then we let p(a)
denote Pr(A = a), the mass of A at realization a. Likewise, if A is continuous then we let p(a) denote f (a), the density of A at realization a. We also let p(·|a) denote p(·|A = a). To simplify notation we allow that the integral expression g(a)da for a function g(a) of a will be used to denote integration if A is continuous, i.e., g(a)da, and summation if A is discrete, i.e., {a} g(a). The formula given in 1 yields the population distribution of the outcome under the intervention g, where the "population" referred to here is the set of individuals with the distribution of L given by p(l).
The parametric g-formula extends the g-formula given in 1 by characterizing the conditional components p(y g |ℓ) and p(ℓ) using a parametric model. Thus, the parametric g-formula describing the data O is denoted
where the parameter vector β corresponds to the conditional change in the probability of Y for unit changes in X and L, and η corresponds to the parameters of the probability of L. The rightmost side of 2 is derived under the assumptions of consistency and conditional exchangeability, which are discussed further below.
The distribution p y g, ℓ; β could be modeled using logistic regression, and β would correspond to the logodds ratios. Summary effect measures, such as the causal risk difference for a unit increase in X can be derived using Monte Carlo methods [3] . The utility of the g-formula becomes apparent when one considers that the functional form of the relationship between X and Y may be a complicated non-linear function in non-binary data, possibly with high order interaction terms. Note that, under such a scenario, the counterfactual distribution p ỹ g is easily interpreted as the outcome distribution we would expect if we could have intervened to set X to g.
Similarly, if L is high dimensional or X (and possibly L) is time-varying, simple interpretations are still possible and can correspond to realistic settings. In other words, β and η are nuisance parameters -though their estimation is necessary for the parametric g-formula, our true interest is in p ỹ g . When X and L may affect each other over time, the g-formula can still be used to estimate unbiased net effects of exposure, whereas regression model estimates will generally be biased for this parameter [12] . In settings in which L or X is of very high dimension, such as when estimating effects in small samples, or when there is high correlation between elements of the data, the parameters β or η may not be stably estimated (i.e., due to variance inflation or finite sample bias). In such settings, common approaches are to accept some tradeoff in model fit or bias by creating a more parsimonious model, applying some penalization term, or adopting a semi or fully Bayesian framework to stabilize estimates using prior knowledge. We now adopt an approach that recasts the parametric g-formula within a Bayesian framework as a way to embrace the interpretability of the g-formula approach while employing the variance reduction properties of a Bayesian framework. That is, we allow the possible introduction of some bias in exchange for higher precision and an overall reduction in the mean squared error.
A Bayesian approach
Following Rubin [13] and Saarela [9] , we consider a Bayesian version of the potential outcome distribution, the posterior predictive distribution p ỹ g o . The posterior predictive distribution of the potential outcomes given by the Bayesian approach differs from the estimated distribution of potential outcomes using the standard g-formula in that it marginalizes over the posterior distributions of the parameters (β and η).
Our quantity of interest is the posterior predictive distribution of the potential outcome under the intervention g, In our simple example, this quantity is given as p ỹ g o = p ỹ g θ p θ o dθ , where p θ o is the posterior distribution of the parameters θ (which describe the models of the relationships between Y , X, and L). The distribution p ỹ g o takes as input the data and a value for θ, and is used to generate a predicted outcome. For example, under consistency and conditional exchangeability, a predicted outcome can be generated using a generalized linear model for Y by multiplying the design matrix for X and L by a draw from the distribution of the relevant parameters of θ. Drawing values from the posterior predictive distribution in our example data involves first drawing from the posterior distributions of β and η. Next we draw from the distribution of the outcome given the "new" data g,L , where we "intervene" to set our exposure variable X to the value g. Values ofL are drawn from the distribution of L in the target population. If the distribution of L in the study population (i.e., the empirical distribution) is thought to represent the distribution in the target population, then values of L can be drawn from the empirical distribution of L. Mathematically, the posterior predictive distribution of the potential outcome under intervention is
Under conditional exchangeability, consistency, and parameter independence assumptions detailed in the Appendix, this is a function only of the observed data, the target population distribution of L, the intervention value set by the analyst, and prior parameter distributions. We make these assumptions for the remainder of this section.
Before detailing the approach using the g-formula, it is worth noting that similar approaches have been implemented with other models that deal with counterfactual distributions p ỹ g , also known as structural models. Saarela et al. [9] recently outlined one approach using marginal structural models in which prior values can be put on parameters for the structural model (as well as the model for the inverse probability weights used to estimate the parameters of the model). Informative prior parameter values often come from conditional, non-structural outcome models, so the use of prior information in such settings is limited. As Robins et al point out, a Bayesian approach to estimating marginal structural model parameters with inverse probability weighting can also reduce some of the ability of the model to remove the covariate balance over exposure groups that results in confounding in finite samples [14] .
In contrast, the Bayesian g-formula allows the incorporation of parameter prior distributions (i.e., "priors") often used by statisticians and epidemiologists. For example, one way of eliciting priors in a Bayesian analysis is to conduct a literature search and combine the parameter values found in this search through meta-analytic approaches. The Bayesian g-formula is amenable to these same priors because it relies on conditional regression models for the outcome, which are the usual starting point for epidemiologic inference. Additionally, the use of approaches such as hierarchical modeling and shrinkage estimation [15] naturally fit the Bayesian g-formula framework, provided one can posit a reasonable set of hyper-parameters.
For concreteness, suppose we have a binary outcome, exposure, and covariate, and a study population of i = 1, . . . , n independent observations. The Bayesian g-formula can be expressed in conventional notation involving the likelihood and the prior distribution. We define three parameters such that θ = β, α, η with likelihood function L θ o = L β, α, η o . We also assume the parameters are independent of each other.
The likelihood of the parameters given the observed data O is the product of three binomial likelihoods:
The posterior distribution of the parameters is given (up to a proportionality constant) using Bayes' formula, i.e.,
where π β, α, η is the prior distribution of the parameters. We note that 3 factors into three distinct binomial likelihoods, i.e.,
This implies that β, α, and η can be estimated separately, for example, by fitting three different regression models. This also implies that we do not need to maximize L β, α, η o with respect to α in order to calculate the posterior estimates of β and η. Under our assumptions, the potential outcomes under a static intervention do not depend on the probability of exposure [14] , as in the frequentist expression of the g-formula given in 2.
As we show in the Appendix, the posterior predictive distribution of Y g is proportional to:
Using Markov Chain Monte Carlo (MCMC) methods, p ỹ g o is simply the distribution of Y conditional on the data after setting the intervention value g forX. Integration occurs by averaging the distribution across all posterior draws, after a suitable burn-in. In the time-fixed setting, or in time-varying settings when elements of L occur temporally before any proposed intervention we can take a semi-Bayesian, semiparametric approach to estimating 4. Let p N ℓ denote the empirical distribution of the observed covariates ℓ. This assumes that ℓ is a fixed set of values, and we set L η ℓ = p N (ℓ) and π(η) = 1. Hence, p η ℓ = 1, and we setl = ℓ. To estimate p ỹ g o , models for π β and p y x, ℓ, β are specified, g is set by the analyst, values of β andỹ are drawn, and the integration occurs by taking the sample average over all units.
To conceptualize the computation,Ỹ g acts like a missing variable that can be imputed after setting exposure [16] . Thus, any MCMC software that can accommodate imputation of missing data may be used for the Bayesian g-formula. Computational considerations may necessitate finding closed-form solutions to 4 when they are available and utilizing efficient sampling methods. For example, if there exists a closed-form solution for the full conditional distributions of each parameter, a Gibbs sampler may, in principal, be used.
Frequently such solutions are not available, so other sampling schemes (e.g. rejection sampling) can be relied upon, but computational times will be longer. We describe in more detail an algorithm for this approach in section 4, which parallels an algorithm to estimate parameters of the frequentist g-formula [3] . This is also the approach that we implement in our simulations in section 5 and real-world example in section 6.
Bayesian g-formula algorithm
The Bayesian g-formula is, by its fully Bayesian posterior formulation in 4, a single step procedure. Here we present an algorithm for estimation using the Bayesian g-formula that breaks that single step into multiple parts and corresponds to how one can numerically estimate quantities derived from 4, such as the difference in 30-year risk that compares the same group under two different exposures. In contrast with section 3, in which all quantities were treated as time-fixed, we describe an algorithm for estimating this quantity using the Bayesian g-formula when exposure and covariates may be time-varying. We limit this approach to static, non-dynamic interventions such as "always treat" or "never treat," but our approach can be modified to include estimation of the outcome distribution under dynamic regimes such as "if at work, receive ergonomic training" or "if CD4 count drops below a threshold, initiate anti-retroviral treatment."
We expand on our time-fixed data example from the previous section by allowing for time-varying quantities. This requires choosing some time scale, such as time-on-study, calendar time, or age, and we denote specific points on that time scale as t. For simplicity, we treat t as discrete. We denote the value of the exposure at time t as X(t) and let the history of exposure up to and including time t beX(t) ≡ (X(0), ..., X(t)).
Time-varying covariate vectorsL(t) and outcomesȲ (t) are denoted similarly. In our notationX(t),L(t), andȲ (t) are multivariate vectors with elements at times 0, ..., t, but in practice these usually correspond to functional summaries over time that include only relevant aspects, such as the cumulative exposure through time t, possibly lagged for some period of time to account for latent disease. The vector (L(0),
contains the values of the covariates, exposure and outcome we observe at the start of the time scale of interest. Generally, L(0) includes time-fixed quantities such as race, sex at birth, or income at baseline. We also denote the potential outcome of interest asỸ g (t) and the posterior distribution of the covariate vector L(t) under intervention g asL(t, g). These variable vectors are denoted in different ways to emphasize that we may be able to estimate the posterior distribution of the potential outcomes (a causal interpretation) under intervention g without making the additional assumptions necessary to estimate the distribution of the other post-exposure covariates. We make the temporal assumption that L(t) occurs temporally before X(t), which implies thatL(0, g) =L(0), allowing us to non-parametrically sampleL(0) from the population empirical distribution p N (l(0)), as noted in section 3.
After we have selected an appropriate target population and intervention of interest, the Bayesian gformula algorithm can be summarized in the following six steps:
1. Specify the model for the joint likelihood Specify a joint model in the source population for {L(t), X(t), Y (t)}.
For static regimes, this corresponds to the following
Specify a model for each component of L(t).
These can be time-averaged, such as pooled logistic models that average coefficient values across time. If L(t) consists of a single component and
is a death indicator (a counting process variable that equals 1 if the subject is dead at time t, 0 otherwise), this could be given as
2. Specify a model for Y (t). Assuming again that Y (t) is a death indicator, this model could be
For presentation, we refer to these as separate models, though the Bayesian g-formula these are more accurately considered separate pieces of a single joint model for the data. Both of these relatively simple models should be considered for illustrative purposes only because they are likely over-simplifications for most realistic scenarios.
Specify the prior distributions
For a static intervention, we need only define prior distributions π(β) and π(η) because modeling exposure is unnecessary. In most scenarios, investigators may be able to derive meaningful and relatively precise prior information for β because this model often corresponds to regression models used in the literature. Parameters for η may be more challenging because covariate model parameters are rarely reported. For both models, priors can be defined within a hierarchical modeling framework, such that the distributions of β and η may be determined by hyperprior distributions. In our applied example ( §6), we choose to use a hierarchical approach to stabilize the β estimates. Other Bayesian solutions, such as the use of Dirichlet process priors, may also be a useful alternative in sparse data scenarios.
In many scenarios, the analyst will be unable to specify informative, non-null distributions for some (or possibly all) parameters. For example, in most epidemiologic applications, L is rarely of primary interest and is thus not modeled. However, one may specify reasonable generic information, such that the conditional log-odds ratios are likely to be within some interval or make use of weakly informative default priors that provide limited shrinkage but mostly let the likelihood drive the inference [17] . In epidemiologic practice, it is rare to see (for example) odds ratios outside of the range 1/10 to 10, so even somewhat weakly informative priors that place such a range on the expected parameter values may justify the use of our Bayesian approach [18] .
3. Sample from the target population Define and sample from a target population defined by the distribution of L(0). This is often identical to the source population, and L(0) can be sampled by taking the empirical distribution of the baseline covariates in the data (the semi-Bayesian, semi-parametric approach). The target population will be considered to be under observation for some fixed time k, such that t ≡ {1, .., k}.
Set the intervention values
Define a static interventionḡ(m) such as "always exposed", e.g., g(t) = g = 1 for all t. Set the exposures at all time points to this static intervention; i.e.,X(m) ≡ g. A parameter of interest could be the posterior predictive causal risk difference comparing "always exposed" to "never exposed."
5. Draw from the posterior distribution of the model parameters In our approach, draws from the posterior distribution of the model parameters given in Step 1 (η 0 , ...,η 3 ,β 0 , ...,β 3 ) are interpreted as posterior, conditional log-odds-ratios. These quantities are not of particular interest for our purposes, but are used in the next step to generate posterior predictive values. This is the point where typical Bayesian analyses stop, because the posterior log-odds ratio may be the primary parameter of interest in some settings.
Draw posterior predictive values
Draw new values ofL(t) andỸ (t) in the target population by iteratively sampling values from the models in step 3 under intervention g(t). Keeping our example, one could impute values ofL i (1) by simulating random values from a Bernoulli distribution with a mean equal to logit −1 (η 0 +η 1 t +η 2 g(0) +η 3 ℓ(0)). Similarly,Ỹ (1) would be imputed as a draw from a
Bernoulli distribution with a mean of logit
similarly draw values ofL(2) using logit (1)) among those with y(1) = 0. This process of sampling from conditional posterior distributions would continue iteratively for times t = 2, ..., k. Note that the posterior distributions ofL(t) andỸ (t) depend on the histories of the posterior distributions, denoted asL(t − 1) andȲ (t − 1), rather than the observed histories. By our assumptions, we have that p Ỹ (t)|g, o = p Ỹ g (t)|o , such that draws from the posterior predictive distribution of Y (t) (implicitly conditional on the data and the intervention) can be considered to be draws from the posterior predictive distribution of Y g (t).
Estimate the parameter of interest
For the survival outcome Y (t), we are interested in causal contrasts of the posterior potential outcome distribution p(ȳ g |o). For example, we can estimate the posterior potential risk difference at the end of follow-up, time m, defined as: 
The 95% posterior intervals could then be calculated by taking the 2.5th and 97.5th percentile of the posterior distribution of the risk difference or using an approximation such as taking ±1.96 times the standard deviation of the posterior distribution.
We note that step 6 could be modified by considering only the expected values of {L(t, g), Y g (t)} at each time rather than simulating discrete values, as in Taubman et al's notable application of the frequentist g-formula [19] .
Simulation study
We examine finite sample properties of a Bayesian g-formula approach using 2 simple simulation studies in scenarios in which the approach might be expected to perform reasonably well compared with the standard parametric g-formula. Our first simulation is in a time-fixed setting in which we have measured two exposures that are highly correlated with each other. Such settings are common in environmental epidemiology, such as in the air pollution literature where pollutants often come from common sources. Our second simulation deals with a simple, time-varying data scenario in small samples. Such settings are common in many longitudinal studies, where long follow-up on reasonably sized samples may lead to sparse strata.
For both simulations, we are primarily interested in rd (1, 0) , the causal risk difference comparing "always exposed" and "never exposed" (referent). The target population in both scenarios is the study population.
We estimate rd (1,0) using both the frequentist g-formula ("standard g-formula") and the Bayesian g-formula.
We calculate bias as rd (1,0) − rd (1, 0) . For each simulation, we perform the analyses on M = 1, 000 simulated datasets and average the bias over all samples.
For the standard g-formula, rd (1, 0) and the standard error of the bias, were estimated using a nonparametric bootstrap. For many study designs, the bootstrap is the only feasible approach to variance estimation in the g-formula. For each of the M iterations, we created S = 1, 000 bootstrap samples of each of the M simulated datasets and calculated a risk difference for each by sampling with replacement from each dataset. The risk difference for each of the M iterations was taken to be the mean risk difference across the S samples, and the standard error was calculated as the sample standard deviation for these S samples.
Thus, for each analysis, the frequentist g-formula was repeated S × M = 1, 000, 000 times. For the Bayesian g-formula, we analyzed each dataset using MCMC methods implemented in the MCMC procedure of SAS 9.4. Each analysis was performed using C = 10, 000 iterations after a burn-in of B = 1, 000 iterations. We estimated rd (1,0) using the sample mean of the risk difference across all MCMC iterations, and we calculated the standard error of rd (1, 0) by taking the sample standard deviation of the posterior estimates for the risk difference. Thus, for each analysis using the Bayesian g-formula, we made (C + B) × M = 11, 000, 000 posterior draws.
We calculated Wald-type 95% confidence intervals for each analysis by taking the estimated risk difference plus or minus 1.96 times the bootstrap/MCMC standard error. Confidence interval coverage was calculated as the proportion of all datasets for which the 95% confidence intervals contained the true risk difference, rd (1, 0) . We also compared the standard deviation of the bias across the M samples for each approach as a measure of precision. Mean squared error (MSE), our primary metric of comparison, was calculated as the average of the squared bias plus the variance over all samples. We compared the MSE between the Bayesian g-formula and the standard g-formula using the ratio of the MSE for the Bayesian g-formula and the MSE for the standard g-formula. A value of the MSE ratio below one indicates that the Bayesian g-formula performs better than the standard g-formula in a bias-variance tradeoff. We note that all simulations are performed on samples of 100 or fewer, primarily a choice driven by computational considerations stemming from our use of the non-parametric bootstrap and MCMC algorithms. Data generating mechanisms were designed to maximize precision of the parameter of interest in such small data situations, rather than to resemble any specific scenario. We expect that the choice between the Bayesian g-formula and the standard g-formula will be driven by the sparsity of data, which can also occur in large samples. In large samples sparse strata might occur when the outcome, exposure, or confounders of interest are rare in the study sample, or when two important predictors of the outcome are highly correlated. Thus, we expect that our simulation results will apply to larger sample sizes in more realistic scenarios. 
Time-fixed example
We simulate a simple dataset with two time-fixed exposures according to the graph shown in Figure 1 . The data are simulated to represent a scenario in which two highly correlated, measured variables may be independently associated with an outcome, and we are interested in the independent effect of only a single exposure. The simulated data consist of a binary outcome Y , a binary exposure X and a binary covariate L.
The exposure of interest, X, is a direct cause of Y while L is an indirect cause of Y through X. L and Y are also associated through a common cause U , which we consider to be unmeasured. X and L are simulated such that they have a known correlation coefficient, ρ.
The data are simulated according to the following data generating mechanism:
• U ∼ unif orm(0, 1)
• Select ν 1 − ν 4 (subject to the constraint
. These parameters correspond to the cell proportions in a cross-tabulation of X and L. We additionally constrained the parameters such that (ν 1 + ν 2 ) = (ν 1 + ν 3 ) = 0.5, i.e. both X and L had marginal expected values of 0.5.
• L = 1 if U < ν 1 + ν 2 , 0 otherwise
• Simulate X according to the following scheme
We simulated data under a null effect (rd (1,0) = 0) and under rd (1,0) = 0.2. We repeated each of these simulations for values of the correlation coefficient equal to (0.4, 0.8, 0.9, 0.98). In a time-fixed setting, the standard g-formula requires only a single model to predict the outcome (as in the Bayesian g-formula, the standard g-formula can be semi-parametric if we take p(ℓ|η) to be the empirical distribution of L). For both the standard and the Bayesian g-formula, we predict Y using a logistic model with terms for X, and L. To assess the performance of the Bayesian g-formula even under low prior knowledge, we performed two sets of analyses for this simulation. In both settings, we used normal priors for all model coefficients. For the model intercept we used a vague prior with a normal distribution with a mean of log(0.5) and a variance of 1000 (N (log(0.5), 1000)). All other coefficients were given prior distributions of N (0, 3) (null, moderately informative priors). Each analysis was repeated under a true risk difference of rd (1,0) = 0 or rd (1,0) = 0.2. The "moderately informative" priors imply that we are 95% certain that the true odds ratio corresponding to the coefficient lies between 1/30 and 30. Under moderately informative, null priors, the bias was larger for the Bayesian g-formula than for the standard g-formula (Table 1) . There was more variability in the standard g-formula estimator, however, as measured by the standard deviation of bias. With respect to MSE, the Bayesian g-formula under moderately informative priors outperformed the standard g-formula at correlation coefficients down to 0.8, suggesting that the utility of the Bayesian g-formula increases with exposure correlation. At a correlation of 0.4, the standard approach yielded a lower MSE, but we note that in that scenario, the MCMC standard error appeared to be slightly conservative (based on credible limit coverage higher than the nominal 95%) for the Bayesian approach while the bootstrap standard error was slightly anti-conservative (based on the confidence limit coverage lower than the nominal 95%).
Time-varying example
We simulate a simple dataset with time-varying exposure according to the graph shown in Figure 2 . The data consist of two time points, t = (0, 1), a binary outcome measured at the end of follow up Y (1), binary exposure at two time points {X(0), X(1)} a binary confounder of the exposure-outcome relationship that is also affected by prior exposure L(1). L(1) is related to the outcome by the common cause U , which we consider to be unmeasured. This particular simulation setup has been used previously to illustrate other causal inference methods [20] , as it is feasible for addressing finite sample characteristics in computationally intensive approaches to time-varying data. It also addresses a central feature of the Bayesian g-formula:
control of confounding by covariates that may also be affected by exposure. The data are simulated according to the following data generating mechanism:
• U ∼ unif orm(0.4, 0.5)
In a time-varying setting, the parametric g-formula requires a model to predict each time-varying covariates and a model to predict the outcome. For both the standard and the Bayesian g-formula, we use the correct model (i.e. the logistic model implied by the data generating mechanism) to predict L(1) and we predict Y (1) using a logistic model with terms for X(0), X(1), and L(1). To assess the performance of the Bayesian g-formula even under low prior knowledge, we performed two sets of simulations. In both settings, we used normal priors for all model coefficients. We used null-centered priors for all model coefficients As in our time-fixed simulations, under moderately informative, null priors, the bias was larger and the variance was smaller for the Bayesian g-formula than for the standard g-formula. The Bayesian g-formula under moderately informative priors outperformed the standard g-formula at sample sizes under 100 (with respect to MSE), suggesting that the utility of the Bayesian g-formula increases with reasonable, prior information ( Table 2 ).
Application
We estimated the impact of interventions on environmental tobacco smoke on childhood BMI z-scores in a prospective birth cohort. The Mount Sinai Children's Environmental Health and Disease Prevention Research Center enrolled 479 primiparous women with singleton pregnancies in New York City between 1998 and 2002. The final cohort consists of 404 mother-infant pairs who met previously described inclusion criteria [21] . Children were invited to attend follow-up visits at approximately 4-5.5, 6-6.5, and 7-9 years of age Table 2 : Simulation scenario 2: One exposure, one time-varying confounder that depends on exposure. Model intercept priors were vague (N (ln(0.5), 1000)) and other coefficients were null centered and moderately informative (N (0, 3)) Figure 3 : Proposed causal diagram for the example in section §6. The effect of environmental tobacco smoke (ETS) at all times 1...k on body mass index (BMI) at time k is our effect of interest, which may be confounded by physical activity (PA) and prior BMI by through unmeasured factors (dashed lines) that affect BMI, ETS, and PA. For simplicity, we ignore relationships between variables separated by more than one time point.
(hereafter referred to as visits 1, 2, and 3, respectively) and 69 children attended all three visits. We assume that loss-to-follow-up is ignorable. Maternal baseline characteristics were ascertained via questionnaire at enrollment. At each follow-up visit, we calculated age-and sex-standardized BMI z-scores and classified children as physically active or inactive as described by Buckley et al [22] . We estimated posterior distributions for the BMI z-score using the Bayesian g-formula approach. Our specific approach involved a pooled-logistic model for physical activity and a pooled-linear model for the BMI z-score. PA. For the physical activity model, we used moderately informative priors with N (0, 3) distributions for all covariates, which represent a moderate skepticism that we captured any strong predictor of PA. For the BMI z-score model, we used a Bayesian LASSO (least absolute shrinkage and selection operator) approach similar to that of Park and Casella [23] . Briefly, this approach utilizes a double exponential prior, assuming all regression coefficients are exchangeable. This approach differs from placing normally distributed priors on the coefficients in that it places much of the prior mass at the mean. We specified that the prior distribution for each parameter had a mean zero, again suggesting prior skepticism that any particular predictor of BMI z-score is strong. For visits 1, 2, and 3, we estimated the median BMI z-score under the interventions "always exposed to ETS" and "never exposed to ETS", as well as the difference in the mean BMI z-score under these interventions. We report the median of the posterior distribution of the population mean BMI z-score under each intervention (reported as "mean" or "Mean z-score"). For each intervention and difference in BMI z-score, we assessed statistical uncertainty using the 95% credible intervals, which were estimated using the 2.5th and 97.5th percentile of the posterior distributions. Approximately 25% of the children were exposed to ETS at visit 1, and this proportion increased to 35% at visits 2 and 3. The average BMI observed among the children in the study was slightly above the age-specific population norms, with mean z-scores between 0.5 and 0.6 at visits 1,2, and 3 (Table 3. ) At all ages, we estimated that the BMI z-score was higher in the "always exposed" intervention group compared with the "never exposed" intervention group. Comparing the BMI z-score in the always exposed to never exposed (referent), the difference in the mean BMI z-score was largest at visit 2 (posterior median [95% CrI] = 0.42 [-0.22, 1.05]), though the credible intervals included the null at all ages. Our results suggest that environmental tobacco smoke is associated with higher BMI z-score throughout childhood, though the small study size precludes precise estimation in the study population. While our results should be seen as primarily illustrative, they show that the effects of interventions on childhood risk factors for obesity can be estimated using epidemiologic data. Such inference is valuable in placing the results of observational studies in real-world contexts to prioritize public health actions. We could easily compare the benefits of interventions on smoking to the benefits of interventions on physical activity or diet, for example. Such comparisons are difficult with standard regression approaches, even under a Mean age at visit conditions in which estimators from regression models are unbiased.
One potential weakness of the LASSO approach is that we assume that all model coefficients are exchangeable. It is likely that prior BMI is a much stronger predictor of current BMI than the other confounders considered, so future applications of the Bayesian g-formula could implement non-parametric Bayesian approaches that allow coefficients to shrink to different means. To assess whether our results might be sensitive to the shape of the LASSO prior, we estimated the risk difference using null-centered, normal variables (N (0, 3)) in the model for the BMI z-score. The new priors resulted in changes to the risk difference at each visit of less than 0.03 (7%), and results were slightly more precise. Thus, even with the limitations of our illustrative approach, our results appear to be robust to a reasonable range of priors.
Discussion
From a Bayesian perspective, the g-formula is a natural approach causal inference. The frequentist version of the g-formula utilizes the basic rules of probability calculus, along with identification assumptions, in order to make inference on the effects of treatment regimes or interventions. The Bayesian g-formula adds the prior probability distributions into the mathematical framework of the g-formula -the novelty lies in which posterior inferences are of interest. Indeed, our simple time-fixed simulation corresponds to the same use of Bayesian inference that typifies epidemiology -posterior joint distributions of the exposures and outcomes of interest -but we allow that the probability distribution of the data is also informative regarding intervention effects. We argue, however, that aside from the numerous philosophical reasons for Bayesian causal inference, the reduction of the MSE makes it attractive for data analysis from a frequentist perspective. Our simulation results suggest that we can improve accuracy over standard g-formula analyses even with very limited prior information, especially when effects are under-identified due to high correlation among exposures or in small samples. Our example in §6 shows that the Bayesian g-formula is useful in the epidemiologic setting that originally motivated the g-formula: longitudinal design in which exposures, covariates, and outcomes may change over time [3] . The approach is useful for making easily interpretable inference, even when data or the relationships between variables are highly complex.
Some of the usual assumptions made in causal inference must be slightly modified under our approach.
Namely, we must make Bayesian versions of the assumptions of exchangeability, and positivity, which we describe further in the Appendix. Notably, these assumptions do not differ greatly from their frequentist counterparts. In the Bayesian setting, we may be less prone to bias due to random deviations from positivity, because our priors help to smooth over the empty strata. We make the usual assumptions regarding counterfactual consistency [24] and non-interference [25] . We also assume correct specification of the likelihood. In the case in which the likelihood is correctly specified (or approximately so), the use of priors may lead to biased estimates, as we showed in our simulations. However, the use of shrinkage-type priors leads to an overall improvement in accuracy in the frequentist sense, in terms of MSE reduction. An issue that is not resolved by moving to a Bayesian framework is the g-null paradox, in which model misspecification is induced by including an exposure that has no causal effect on the outcome [26] . This paradox leads to hypothesis tests that inevitably reject the null hypothesis as sample size increases. The implications of this paradox for finite samples are unknown, however.
Our approach has much in common with recent examples of Bayesian causal inference. Namely, Arjas and co-authors developed an approach analogous to the Bayesian g-formula under a causal framework that does not utilize potential outcomes (described in a general setting in [7] and under a Bayesian framework in chapter 7 of [27] , with a practical example given in [28] and [29] ). Robins calls this the 'agnostic' causal model [30] . In contrast, our approach is derived under the original causal framework of Rubin, which bases causal inference on the concept of potential outcomes [13] . A previous example by Wang et al. used the Bayesian g-formula to estimate the effect of a change in ventilation practices on survival in patients with acute lung injury [8] . Unlike those authors, who used vague normal priors, we utilized a hierarchical shrinkage prior, demonstrating the facility with which other types of priors can be incorporated. Our manuscript builds on the work of Wang et al. by improving the mathematical foundations underlying the Bayesian g-formula.
Further, we provide a practical example along with SAS and Stan code that can be used to carry out our simple simulation using the g-formula for a time-varying exposure using MCMC methods. Because standard g-formula algorithms typically require large Monte Carlo samples and a non-parametric bootstrap, the use of MCMC machinery in the Bayesian g-formula does not result in a substantial computational burden relative to the frequentist approach.
In the current manuscript, we frame our questions about population health in terms of interventions. In this way, the Bayesian g-formula is useful for estimating parameters with direct public health implications.
Because our approach quantifies the effects of interventions on exposure distributions, it is useful to inform policy. In environmental studies, such as air pollution studies, we are often confronted with highly correlated exposures that change over time. Using our approach, we can directly estimate the public health impact we could expect under interventions that changed the distribution of pollutants in the air. Using Bayesian decision analysis and quantifying both the costs of interventions and the utility of health outcomes, we could compare interventions in terms of cost effectiveness. The recent availability of powerful personal computers and the rapid development of probabilistic programming languages are increasingly allowing for Bayesian inference to be possible in realms in which the computational demands were previously too high. By bridging the worlds of Bayesian inference and causal inference, we can unleash this very unique and powerful set of tools to answer challenging public health questions.
Frequentist Approach
Suppose that the following assumptions are true.
• Conditional exchangeability: Y g ⊥ ⊥ X L for x = 0, 1
where the support of Y 1 and Y 0 are identical.
• Positivity: p x ℓ > 0 for x = 0, 1 and for all ℓ. Equivalently, p x, ℓ > 0 for all x, ℓ.
We want to estimate E Y g for g = 0, 1 using observed data O ≡ (Y, X, L). The g-formula approach expands this quantity as
by conditional exchangeability and consistency, and therefore is a function of only observed data.
Parametrization
Note that we have kept the forms of probability functions unspecified thus far. Hereafter, we refer to specified forms of such probability functions as models with corresponding parameters. Suppose the true probabilities are parametrized such that p y x, ℓ; β and p(ℓ; η). Hence, we have
Expression (A2) is often called the parametric g-formula in the epidemiology literature. Importantly, note the implicit modification to the following assumption.
• Parametric conditional exchangeability:
In the frequentist approach, one could use a method such as maximum likelihood estimation to estimate the fixed parameter β using the observed values o, and to estimate the fixed parameter η using the observed values ℓ. This approach illustrates an example of a frequentist "predictive distribution" of Y g would just be the distribution of Y g defined by substituting estimatesβ andη for β and η, respectively, in p y g ; β, η for a given value X = g. That is, this predictive distribution is p y g ;β,η . This can be seen from the fact that
by conditional exchangeability and consistency. In this way, the estimate p y g ;β,η is a frequentist predictive distribution that can be used to calculate prediction intervals, or to calculate the estimate E Y g ;β,η .
Bayesian Approach

Bayesian G-Formula
The mean potential outcome, the g-formula estimand of interest in (A2), may be estimated within the Bayesian framework as the posterior predictive mean potential outcome. The frequentist approach estimates the parametrized expected potential outcome E Y g ; β, η by using the information in o to estimate β and η, e.g., asβ andη, respectively, in order to calculate E Y g ;β,η as an estimate of E Y g ; β, η . Contrast this with the following Bayesian quantity, the posterior predictive distribution of the potential outcome, which explicitly conditions on o and marginalizes over any parameters.
It can be seen that the Bayesian analogue of (A1) is
where θ denotes a set of parameters. It is worth noting that the component of (A3) that resembles the parametric g-formula (A2) is
which is equal to E Ỹ g θ, o by the equivalence of lines 1 and 4 of (A3). In the following subsections, we will apply the assumptions in subsection 8.3.2, which will be shown to imply that the quantity E Ỹ g l , θ, o in (A4) can be identified using only observed or observable data.
Assumptions
In all following subsections, we assume the following. We do not include the positivity assumption here, as it will first be motivated through the derivations, and then included in the summary in subsection 8.3.7. Let θ = β, α, η .
Bayesian conditional exchangeability
We also make the following set of independence assumptions regarding the parameters I1 Ã ⊥ ⊥ O θ for any set Ã that is a subset of Ỹ , g,L . Conditional on θ, any subset of future outcomes Ã of Ỹ , g,L is independent of all observed outcomes O.
I2 β, α, and η are mutually and jointly independent
Conditional Distribution ofỹ
The conditional distribution ofỹ g in (A3) is
Two Equalities
Consider the following equality, whereby the Bayesian analogue of (A1) is instead expanded as
The posterior predictive distribution ofl is
The probability function in the numerator is
by I1-I6. Likewise, the probability function in the denominator is
by I2-I6. Hence, the equality
Summary of Calculation Requirements
The relevant parameter posterior distributions are Note that (A16) is well defined only if all denominator quantities used in its definition are not equal to zero. That is, the following additional assumptions have been made implicitly up to this point.
• The expanded denominator in (A6) is greater than 0 if p l η > 0, p y x, ℓ, β > 0, p x ℓ, α > 0 by I5 and p ℓ η > 0 by I6, and π θ > 0. Note that p l η > 0 and p ℓ η > 0 are implied by assuming p ℓ η > 0 for all ℓ.
• The denominator used to define (A8) is greater than 0 if π θ > 0.
• The denominator in (A9) is greater than 0 if p o > 0.
For the support (i.e., allowed values) of the random variable θ, p θ > 0 is always true. Note that p o > 0 by definition because o represents observed quantities. Hence, the key assumption that must me made is:
Bayesian positivity p ℓ η > 0 for all ℓ and η; p y x, ℓ, β > 0 for all y, x, ℓ, and β; and p x ℓ, α > 0 for all x, ℓ, and α.
One reason to explicitly acknowledge the Bayesian positivity assumption is that it may help set realistic constraints on the possible values of θ = β, α, η . The following variable values and models must be observed, set, or specified.
• Observed values: y, x, ℓ
• Values set by the intervention: g
• Models specified: p y x, ℓ, β , p ℓ η , π (β) , π (η)
Importantly, note thatl need not be set because it is integrated out.
Some Binary Outcome Results
Suppose the outcome is binary such thatỸ g = 0, 1 for x = 0, 1. Hence,
by the definition of an expectation for any set of variable realizations z (including the empty set). Suppose assumptions Bayesian conditional exchangeability, consistency, and I1-I6 are true. From the equivalence of lines 1 and 2 of (A16), E Ỹ g θ, o = E Ỹ g θ . Hence, (A3) is therefore equal to Pr Ỹ g = 1 o = Pr Ỹ g = 1 θ p θ o dθ.
Equivalently, by (A13), I3, and I6. Suppose Y g (and therefore, Y by consistency), X, and L are binary such that y g = 0, 1, x = 0, 1, and ℓ = 0, 1. For an observed sample of i = 1, . . . , n independent measurements, we have
by (A10). Note that
by (A10).
Time-varying quantities
We have shown that the posterior predictive distribution that we would have observed under some treatment regime g is given by the Bayesian g-formula in the simple, time-fixed setting. As noted in the manuscript, we are often also interested in the causal effects of exposure regimes that may vary over time and/or be subject to confounding by other time-varying factors. Following, Theorem 3.1 by Robins (1997) [6] , the generalization of our results to this time varying setting requires little more than what has already been shown. The proof of this theorem generalizes our results by considering the the time fixed setting to be equivalent to a "one step ahead innovation" where the counterfactual world at time t under regime g is linked to the observed data at time t among individuals who have been observed to follow g (within strata of prior exposure and covariates). This theorem states that, given that we have had some individuals who the distribution of the counterfactual outcome Y g (t + 1), given L(t) is identified among those whose previous exposure or treatment is consistent with g. Thus, all that is required to generalize our results to the timevarying setting is to modify Bayesian conditional exchangeability, consistency, and Bayesian positivity to consider the entire histories ofL(t) ≡ (L(0), ..., L(t)) andX(t) ≡ (X(0), ..., X(t)), rather than simply the vector (L, X) as time-fixed quantities.
